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the face. The volume computed using this definition in Eq. (3) is
equivalent to the average of the volumes computed by decomposing
each quadrilateral face into both sets of two triangles. The advantage
is that, once the face data has been computed, the face topology is
no longer needed; hence, volumes may be computed solely on the
basis of face area, center, and normal, i.e., the volume of a cell is
independent of the number and topology of its surrounding faces:

(4)

Introduction

T HE calculation of cell volumes in a finite volume computational
fluid dynamics (CFD) code is necessary in order to update the

solution variables; it is often desirable to compute the centroids as
well. Whereas relations exist for tetrahedra, no general expressions
for the volume or centroid of an N -faced solid seem to exist in the
literature. Hirsch1 suggests using the present method to find the vol-
ume of a tetrahedron and pyramid but suggests using the average of
two different tetrahedral decompositions for the volume of a hexa-
hedron; the centroid calculation is not addressed. The distinguishing
feature of the present method is that no interpolation from the cor-
ner points is necessary to evaluate the volume; hence, a CFD code
using this method to compute cell properties need not limit itself to
a restricted range of cell topologies.

Formulation
Expression for the Volume

Recall the divergence theorem2'3 from vector calculus

I V -xdV = (f
Jo. Js

x-ndS (1)

where x is continuous. If we choose the position vector r as the
vector x in Eq. (1), the left-hand side becomes simply

(2)

Accordingly, if the right-hand side of Eq. (1) can be evaluated ex-
actly, then the volume of any solid may be evaluated exactly. For
solids with triangular faces, the right-hand side becomes

ir-ndS= (3)

where r, is the position vector of the centroid of the face, and n,- and
Si are the outward-directed unit normal vector and area of face /,
respectively.

If the solid whose volume is to be computed has quadrilateral
faces, then we can define the area, normal, and centroid as the area-
weighted average of the two different triangular decompositions of
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Expression for the Centroid
The centroid of any solid is given by

rc = ̂  / rdV (5)

The problem is how to evaluate the integral in Eq. (5) for an
arbitrary solid. From the gradient theorem2

I V<pdV = dxpndS
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(6)

If we can express r as the gradient of some scalar function, then
we can express Eq. (5) in terms of an integral over the surface. The
expression for (p whose gradient is r is

So the position vector of the centroid becomes

(7)

(8)

For triangles, Eq. (8) can be evaluated exactly using three-point
Gaussian quadrature; quadrilaterals require four points.

Conclusions
General expressions for the volume and centroid of an arbitrary

polyhedral cell have been derived. It is shown that these quantities
can be computed in a way that is independent of the topology of
the cell and its surrounding faces. If the face centers, normals, and
areas are computed appropriately, then the resulting expression for
the volume is exact and requires no other data; however, numerical
integration over the face must be used to compute the centroid. In
particular, the volume and centroid for an arbitrary element com-
posed of triangular cell faces is given exactly.
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